Math 261, Number Theory — Fall 2009-2010
Course website:  http://people.aub.edu.lb/~kmakdisi/
Problem set 4, due Friday, November 6 at the beginning of class

Exercise 4.1: Someone uses RSA to encode a secret message T € (Z/144869)* by sending the
coded form 7 = z'°% = 12. Using a calculator or a computer, factor N = 144869, deduce the
decryption encoding, and find the original message Z. Carefully describe the steps in your work.

Exercise 4.2: Use the lifting method discussed in class to find all solutions of the congruences:
2 +1=0, 2°-32x-11=0, 2?>—-462+22=0 (all mod 13%).

Please write your answer in “base 13”7, i.e., in the form ag + 13a; + 13%as + 133a3 with each
a; € {0,1,...,12}.

Exercise 4.3: Let p be a prime number other than 2, and let a be relatively prime to p. Show
that: if given x; such that 22 =a (mod p), then there exist a9, x3, - - such that, for all k:

(i) 22 =a (mod p*);

(i) xx = k-1 (mod p
Show furthermore that z;, is unique mod p*.

Hint: induction on k, as in class. This exercise shows you that to test whether a is (congruent
to) a square mod p*, it is enough to test whether it is a square mod p.

Challenge: what happens if p = 27

k—l)‘

Exercise 4.4: Consider the equation 2 + y? = 1. Given m, define N(m) to be the number of
pairs (z,y) in Z/mZ x Z/mZ such that

22 +9*=1 (mod m). (%)

For example, N (5) = 4 because there are 4 solutions: (1,0), (4,0),(0,1),(0,4).

a) Find N(3) and N(7). (If you have the time, find N(p) for some more primes, perhaps using
a computer, and see if you can find a pattern. Challenge: prove that your pattern always holds.)

b) [may be challenging] Show that if p is a prime other than 2, then N(p?) = pN(p), and in
general N(p*) = pN(p*~1). Conclude that N(p*) = p*~IN(p).

Hint: show that if you have a given pair (x,yx) which are a solution to (x) mod p¥, then
you can “lift” them to p possible choices of solutions (zj41,¥rs1) mod p*+1, such that ;1 = 23
(mod p*), and yr11 = yx  (mod p*).

c) use parts a) and b) to find N(15) and N(1575).

Exercise 4.5: Fixn > 0.
a) If d > 0 and d|n, show that the number of elements @ in Z/nZ such that (a,n) = d is equal

to ¢(n/d).
Hint: write a = da’. As an example of what you have to prove, the number of elements @ in
Z/15Z with (a,15) = 3 is exactly ¢(5) = 4: the elements in question are 3,6,9,12.

b) Show that n.= Y, ¢(n/d) = X, (d).
Hint: separate the elements in Z/nZ according to their GCD with n.

Exercise 4.6: (The Moebius inversion formula.) Define the Moebius p-function o : N — C by
w(l) =1, u(pip2---pr) = (—=1)" if p1,pa,...,p, are distinct primes, and p(n) = 0 otherwise (i.e., if
n is not squarefree).

a) Suppose given functions f,g : N — C such that g(n) = Zk|n f(k). Show that

fn) = ulk)g(n/k) =" u(n/0g(t) = Y ulk)g(t).
k|n £n ké=n
Suggestion: first prove that
1, ifm=1
2 nld) = {0, if m > 1.
d|m

b) Apply the above to f(n) = ¢(n) and g(n) = n (using the result of the previous exercise)
and use this to derive a different proof of the identity

p(n)=n H (1—1).

. p
p|n, p prime



Look at, but do not hand in: Let p be a prime.

1) Show that 1 + p has multiplicative order p in (Z/p?Z)*. Conclude that for k > 2, the
multiplicative order of 1 + p in (Z/p*Z)* is a multiple of p. (Challenge: prove that this order is in
fact a power of p.)

2) Conclude that if p?| N, then there exists a € (Z/NZ)* whose multiplicative order in (Z/NZ)*
is a multiple of p. (Caution: 1 + p might not be relatively prime to N. I suggest that you write
N = pkM, where k > 2 and p /M, and choose a by choosing a mod p* and a mod M separately
and invoking the Chinese Remainder Theorem.)

3) Deduce that N is not a Carmichael number. (N.B., this shows that if N is a Carmichael
number, then it is squarefree, i.e., it is the product of distinct prime numbers.)



